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2. 1 -Weierstrass : $\mathbb{C}$
Konopelchenko[KOO] -Weierstrass $\mathbb{R}^{4}$
(2) (1)
$\Omega$ $\mathbb{C}$ $z=x+i^{y}$ $\mathbb{C}$ $U$
$\Omega$ $C^{\infty}$
2 DiraC 9, $g\vee$
$\mathscr{D}=(\begin{array}{ll}U \partial-\overline{\partial} \overline{U}\end{array})$ , $\mathscr{D}^{\vee}=(\begin{array}{ll}\overline{U} \partial-\overline{\partial} U\end{array})$
$\partial=\partial_{z}\overline{\partial}=$ 9 $g\vee$
$\Omega$ $\mathbb{C}^{2}$ $\psi=(\begin{array}{l}\Psi\iota\Psi^{2}\end{array})$ $\varphi=(\begin{array}{l}\varphi_{l}\emptyset\end{array})h$
$9^{\psi}=0$ $9^{v_{\varphi}}=0$
$f_{1}= \frac{i}{2}(\overline{\emptyset}\overline{\psi}_{2}+\varphi_{1}\psi_{1})$, $f_{2}= \frac{1}{2}(\overline{h}\overline{\psi}_{2}-\varphi_{1}\psi_{1})$ ,
$f_{3}= \frac{1}{2}(\overline{\varphi}\psi_{1}+\varphi_{1}\overline{\psi}_{2})$ , $f_{4}= \frac{i}{2}(\overline{\emptyset}\psi_{1}-\varphi_{1}\overline{va})$
1-
$\eta_{k}=f_{k}dz+\overline{f_{k}}d\overline{z,}$ $k=12,34$,













$\mathbb{C}P^{3}$ $(y^{1} ;P:i;\mathcal{Y}^{4})$ Q\subset C
$(y^{1})^{2}+(\mathcal{V}^{2})^{2}+(\nu^{3})^{2}+(y^{4})^{2}=0$
$(x_{z}^{1} ; F_{z};x_{z}^{3};x_{z}^{4})\in Q$
$\mathbb{C}P^{1}\cross \mathbb{C}P^{1}arrow Q\subset \mathbb{C}P^{3}$ : $((a_{1} : a_{2}), (b_{1} : b_{2}))\mapsto(\mathcal{Y}^{1}:P;y^{3};y^{4})$
$\mathcal{Y}^{1}=\frac{i}{2}(a_{2}b_{2}+a_{1}b_{1})$ , $y^{2}= \frac{1}{2}(a_{2}b_{2}-a_{1}b_{1})$ ,
$y^{3}= \frac{1}{2}(a_{2}b_{1}+a_{1}b_{2})$ , $y^{4}= \frac{i}{2}(a_{2}b_{1}-a_{1}b_{2})$
($Se_{\Psi^{\text{\’{e}}}}$ )
$(x_{z}^{1} ; l_{z};x_{z}^{3}; x_{z}^{4})=(G_{\Psi’}G_{\varphi})$
$G_{\Psi}=$ ( $\psi_{1}$ I $\overline{\psi}_{2}$) $\in \mathbb{C}P^{1}$ $G_{\varphi}=(\varphi_{1} : \overline{\emptyset})\in \mathbb{C}P^{1}$
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$G_{\psi}$ $\mathbb{C}^{2}\backslash (00)$ $(\psi_{1},\overline{\psi}_{2})$
$x_{z}^{1}= \frac{i}{2}(\overline{\varphi}\overline{\psi}_{2}+\varphi_{1}\psi_{1})$ , $d_{z}= \frac{1}{2}(\overline{n}\overline{\psi}_{2}-\varphi_{1}\psi_{1})$ ,
$x_{z}^{3}= \frac{1}{2}(\overline{\varphi}\psi_{1}+\varphi_{1\Psi^{2})}^{-}, x_{z}^{4}=\frac{i}{2}(\overline{\emptyset}\psi_{1}-\varphi_{1}\overline{\psi}_{2})$ .
$G_{\varphi}$ $\mathbb{C}^{2}\backslash (00)$ $(\varphi\iota,\overline{n})$
$(\overline{\emptyset}\psi_{1})_{\overline{z}}=$ ( $\overline{\varphi}l$ )z’ $(\overline{\varphi}\overline{\psi}_{2})_{\overline{Z}}=-(\overline{\varphi}_{1}\overline{\psi}_{1})_{z}$
$U$ Dirac $9^{\psi}=$
$09^{v_{\varphi}}=0$ $G_{\psi}$
$(s\overline{s})$ , $S1=e^{i\theta}$ COS $\eta$ , $s_{2}=\overline{s_{2}}=\sin^{\eta}$
( $\frac{1}{2}\theta\eta$ $\pi$ )
$(\psi_{1},\overline{\psi}_{2})=(ds_{1}\overline{d}s_{2})$
(1) $\psi=(\begin{array}{l}\psi]\psi_{2}\end{array})=(\begin{array}{l}e^{i\theta+g}cos\eta\overline{d}sin\eta\end{array})$
$U$ Dirac $9^{\psi}=0$ $g$
$g_{\overline{z}}+i\theta_{z^{-}}$cos2 $\eta=0$
( $\overline{\partial}$ $\Omega$ )
$U$






$\psiarrow\psi=(\begin{array}{l}e_{-}^{h}\psi_{l}e^{h_{\psi_{2}}}\end{array})$ , $\varphiarrow\varphi’=(\begin{array}{ll}e^{-h} \varphi_{l}- e^{-h} \emptyset\end{array})$ , $Uarrow U’=U^{\overline{h}-h}$
2.2 -Weierstrass :
2





$\psi,$ $\varphi$ A $\mathbb{C}$ $U$
:
1) $9^{\psi}=09^{v_{\varphi}}=0$ ;
2) $\psi,\varphi$ -Weiers ass $x$ $\mathbb{C}arrow \mathbb{R}^{4}$
;
$\psi,$ $\varphi,$ $U$
$(\begin{array}{l}\Psi^{1}\Psi^{2}\end{array})arrow(\begin{array}{l}e_{-}^{h_{\psi_{l}}}e^{h_{\psi_{2}}}\end{array})$ , $(\begin{array}{l}\varphi_{l}\emptyset\end{array})arrow(e_{\frac{}{h}}^{-h_{\varphi_{1}}}e^{-}\emptyset),$ $Uarrow e^{\overline{h}-h}U$
$hh$




$g$ $\theta_{z^{-}}\cos^{2}\eta$ A- $g$
$g=h(z)+c\overline{z}+f(z,z)=$
$h(z)$ $f$ AJ
$c$ $c=- \frac{1}{vol(\mathbb{C}/\Lambda)}\int_{T}ib_{z^{-}}\cos^{2}\eta dxd_{\mathcal{Y}}$
$U$ A- $g$
(2) $g=a+bz+c\overline{z}+$ ($\Lambda$- ) ( $h=a+bz$)
$(\overline{g}(\gamma)-g(\gamma))\in 2\pi i\mathbb{Z},$ $\forall\gamma\in\Lambda$
3
$p(z),$ $q(z)$ A- $\mathbb{C}$
$L=$ $–q \frac{}{\partial}$ $p\partial),$ $L^{\vee}=$ $-\overline{\partial}p$ $-q\partial),$ $p=p(z),$ $q=q(Z)$ .
($-q=Up=\overline{U}$ $L=9,$ $L^{\vee}=\mathscr{D}^{\vee}$ )
$L$ $0$- $\Psi$
$\Psi(z+\eta)=\kappa_{1}\Psi(z),$ $\Psi(z+n)=\kappa_{2}\Psi(z)$
$\kappa_{1},$ $\kappa_{2}$ O-Floquet $(\kappa_{1}, \kappa_{2})$
$\Psi$ multiplier multiplier






*multiplier $\kappa_{1}(\lambda),$ $\kappa_{2}(\lambda),$ $\lambda\in\Gamma$ $L$ O-Floquet-Bloch
$\psi(\lambda,z)=(\begin{array}{l}\psi_{l}(\lambda_{Z})\psi_{2}(\lambda,z)\end{array})$




$\Psi^{D}(z+\gamma_{l})=\hat{\kappa}_{i}\Psi^{D}(z),$ $\Phi^{D}(z+\gamma_{l})=\frac{1}{\hat{\kappa}_{i}}\Phi^{D}(z),$ $i=1,2$ ,
$d\omega(\lambda,z)=\Phi_{1}^{D}(z)\psi_{1}(\lambda,z)dz-\Phi_{2}^{D}(z)\psi_{2}(\lambda z)dz-$
$d\omega^{\vee}(\mu,Z)=\psi_{1}(\mu,z)\Psi_{1}^{D}(z)dz-h(\mu,Z)\Psi_{2}^{D}(z)d\overline{z}$
$\omega(\lambda z),$ $\omega^{\vee}(\mu,z)$ $c(\lambda),$ $c^{\vee}(\mu)$
( )
$C(\lambda),$ $c^{}(\mu)$
$\kappa_{1}(\lambda)/\hat{\kappa}_{1}\neq 1$ $\kappa_{2}(\lambda)/\hat{\kappa}_{2}\neq 1$ $\omega(\lambda,z)$ Floquet-Bloch :
$\omega(\lambda z+\gamma_{i})=\frac{\kappa_{i}(\lambda)}{\hat{\kappa}_{i}}\omega(\lambda z)$ .




$\delta^{\psi}(\lambda z)=\omega(\lambda z)\Psi^{D}(z),$ $\delta\phi(\mu,z)=\omega^{\vee}(\mu,z)\Phi^{D}(z)$
:
1. $\Psi(\lambda,z),$ $\phi(\mu,z)$ $LL^{\vee}$
$\delta L,$ $\delta L^{\vee}$
.
$\delta L=(\begin{array}{ll}-\Psi_{2}^{D}(z)\Phi_{l}^{D}(z) 00 -\Psi_{l}^{D}(z)\Phi_{2}^{D}(z)\end{array})$ ,
$\delta L^{\vee}=(\begin{array}{ll}-\Psi_{l}^{D}(z)\Phi_{2}^{D}(z) 00 -\Psi_{2}^{D}(z)\Phi_{1}^{D}(z)\end{array})$ ,
$\delta^{p}(z)=-\Psi_{1}^{D}(z)\Phi_{2}^{D}(z),$ $\delta^{q}(z)=\Psi_{2}^{D}(z)\Phi_{1}^{D}(z)$
$L,$ $L^{\vee}$











$\partial_{z}x^{1}=\frac{i}{2}(\overline{\emptyset}\Psi^{2}+\varphi_{1}\psi_{1})-$ , $\partial_{z}x^{2}=\frac{1}{2}(\overline{w}^{1}\overline{n}-\varphi_{1}\psi_{1})$ ,
$\partial_{z}x^{3}=\frac{1}{2}(\overline{\varphi}\psi_{1}+\varphi_{1}\overline{\psi}_{2})$ , $\partial_{z}x^{4}=\frac{i}{2}(\overline{\varphi}\psi_{1}-\varphi_{1^{-}2})$ .
$\mathbb{R}^{2}/\Lambdarightarrow \mathbb{R}^{4}$
$\psi,$ $\varphi$ 2.1
22 2.1 (1) $2.2$ (2)
$\psi_{1}(z+\gamma_{i})=\kappa_{i}\psi_{1}(z),$ $\iota\hslash(z+7^{i})=\overline{\kappa_{iv\ (z)}}$ ,































$i_{p}$ : $\overline{\mathbb{R}}^{n}arrow\overline{\mathbb{R}}^{n}$ : $z \mapsto\frac{z-p}{|z-p|^{2}}$






$p=te_{i},$ $t\in \mathbb{R}$ ($e\iota,$ $\ldots,e_{n}$ $\mathbb{R}^{n}$ )
$=$ $\{$
$\frac{d}{d\prime}|_{t=0}(i_{te_{i}}oi_{0})(z)$




[An] : Willmore . TMUGS $WHAT$ IS GEOME-
$TRY?\rfloor$ , h p://tmugs math metro-u $acjp/wig/index- j.hffi$





[Gr-Sc97] Grinevich, P.G., and Schmidt, M.U.: Conformal invariant bction-
als of immersions oftori into $\mathbb{R}^{3}$ . J. Geom. Phys. 26 (1997), 51-78.
[Gr-Ta07] Grinevich, P.G., Taimanov, I.A.: Infinitesimal Darboux transforma-
tions of the spectral curves of tori in the four-space. Int. Math. Res.
Not. 2007, No. 2, (2007), $math/0611215$ .
[KOO] Konopelchenko, B.G.: Weierstrass representations for surfaces in $4D$
spaces and their integrable deformations via DS hierarchy. Amals of
Global Anal. and Geom. 16 (2000), 61-74.
[Oh-Ot-U07] , , : Modili sPaces of complex
Fermi curves and the Willmore fimctional.
1527 (2007), 100-127
[Oh08] : Willmore conjcture and integrable systems (after M. U.
Schmidt and I. A. Taimanov etc.),
[Sch02] M. U. Schmidt: A proof of the Willmore conjecture.
math.$DG/0203224$.
[Ta06] Taimanov, I.A.: Two-dimensional Dirac operator and surface theory.
Russian Mathematical Surveys 61: 1 (2006), 79-159, $math/0512543$
[Ta05] Taimanov, I.A.: Surfaces in the four-space and the Davey-Stewartson
equations. Joumal of Geometry and Physics 56 (2006), 1235-1256,
$maU\vee 0401412$ .
College ofEngineering, Nihon University, Koriyama, Fukushima, 963-8642
JAPAN
e-mail : $otofi\iota ji\copyright ge$.ce.nihon-u.ac.jp
116
